The method of many body Green's functions is used to derive algebraic expressions for the different elastic and thermodynamical quantities such as the free energy, internal energy, entropy, heat capacity, elastic constants (adiabatic and isothermal) and the coefficient of thermal expansion. The perturbation expansion is developed up to third-order and diagrams corresponding to the equations are represented. The present results extend the existing ones by giving expressions for the elastic constants of arbitrary order and terms which are higher-order in the interatomic force constants that have been obtained earlier. The perturbation expansion in terms of arbitrary macroscopical parameters is considered and the similarity of expansions with respect to different parameters is emphasized. A physical interpretation of the harmonic phonon eigenvectors is considered. To the authors knowledge, no such similar interpretation of the harmonic phonon eigenvectors has been given in the literature before.
I. INTRODUCTION
Some elements of the dynamical theory of crystal lattices applied in its present form have not changed much since the book of Born and Huang 1 . Until the past few decades, it was not possible to calculate the central quantities of the theory by using ab initio methods, in general. The development of computers and computational methods has made it possible to calculate the second-order interatomic force constants (IFCs) and thus phonon eigenvalues and eigenvectors within the harmonic approximation by using, for example, the density functional perturbation theory (DFPT) for arbitrary crystal structures 2, 3 . These quantities have a rather central role in the calculation of different physical quantities and cast a foundation, for instance, for the perturbation theoretic calculation of the thermodynamical quantities of crystal lattices.
There has also been development in the calculation of anharmonic IFCs. The third-order IFCs have been calculated for some structures by using DFPT [4] [5] [6] and in some cases, the fourth-order IFCs have been obtained by using self-consistent methods 6, 7 (no open access DFPT or self-consistent code available). However, by using the super cell method, one is able to calculate estimates for the third-order IFCs for arbitrary structures. This is established, for example, in an open access code used to calculate lattice thermal conductivity values for arbitrary crystal structures [8] [9] [10] . The Helmholtz free energy of a lattice can be written in terms of the lattice Hamiltonian, from which the various thermodynamical quantities may be derived from. Such quantities are the internal energy, heat capacity, entropy, elastic constants (adiabatic and isothermal) and the coefficient of thermal expansion (CTE). For example, the stress and elastic constants are relatively important quantities when the thermal expansion is studied. In particular, the so-called negative thermal expansion (NTE) is a subject of rather intensive study [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The NTE is mostly an anharmonic phenomenon and is thus dependent on the anharmonic IFCs. Usually, the calculational study of the CTE is made by using the quasiharmonic approximation (QHA) [21] [22] [23] [24] [25] [26] [27] [28] which takes into an account the lowest-order of anharmonicity. When the anharmonicity becomes stronger the lowest-order description may not be sufficient to describe the NTE and other phenomenon properly 27 . As mentioned, the developments of the computational methods probably allow, sooner or later, more detailed study of the CTE (and NTE) and may give some useful information about the phenomena.
Born and Huang represented a perturbation theoretic approach to determine the Helmholtz free energy from which one may calculate the aforementioned thermodynamical and elastic quantities 1 . Later on, there have been rather many works considering the calculation of free energy and other thermodynamical quantities [29] [30] [31] , one approach being used is the method of many-body Greens functions [32] [33] [34] [35] [36] [37] [38] [39] . For example, Cowley has derived expressions for the second-order isothermal elastic constants and thermodynamical quantities (some third-order terms were represented for isothermal elastic constants) 34 . Similar work has been represented by Barron and Klein where some third-order terms for the second-order isothermal elastic constants were given in diagrams. Shukla and Cowley have calculated expressions for the free energy by using the anharmonic Hamiltonian up to fourth-order 37, 38 . In that time, the calculation of the higher-order IFCs was not possible in the case of arbitrary crystal structures, which might be one reason why most of the third-order terms for the elastic constants et cetera were not explicitly shown. While the isothermal and adiabatic stress together with the secondorder isothermal elastic constants are useful quantities in the study of CTE, the third and higher-order elastic constants can be used in the study of physical acoustics and non-linear elasticity of crystals 40, 41 . There is already some ab initio computational studies, where the elastic constants up to fourth-order have been obtained for realistic materials 42 . However, in the methods used in Refs. [42] [43] [44] , for example, only the static lattice contributions are taken into account, while the approach used in the present work includes also the so-called vibrational contributions.
It might be possible that in the near future, the calculation of third or even higher-order IFCs becomes possible in the same manner that is done at the present in the case of the second-order IFCs. This gives a reason to derive the algebraic expressions for higher-order terms in a systematic manner in so that these expressions may be used in the numerical calculations, whenever the systematic calculation of the higher-order IFCs becomes possible. The purpose of the present work is to write the explicit expressions for different thermodynamical and elastic quantities to be used in the actual calculations by using the lattice dynamical Hamiltonian and Green's function method. If the anharmonic forces are sufficiently strong, the perturbation theory with a few lowest-order terms may not describe the system properly and one probably have to use some more rigorous methods, such as self-consistent theory for phonons described, for instance, in Refs. [45] [46] [47] [48] . It is also mentioned that recently, a treatment considering corrections to the harmonic thermodynamical quantities has been established in Ref. 49 . This paper is organized as follows. In Sec. II, the lattice Hamiltonian for strained and unstrained crystal is given. Also, the Hamiltonian for a wider class of parameters is shown. Section III considers the thermodynamical properties and definitions of the thermal expansion coefficient, elastic constants (isothermal and adiabatic) et cetera are given. The perturbation expansion used to derive the results of this work is introduced in Sec. IV. The results from first to third-order in perturbation are given in Secs. V-VII and are compared with the results obtained earlier by other researchers.
II. LATTICE DYNAMICS

A. Hamiltonian
The theory of lattice dynamics has been described, for example, in Refs. 1, [50] [51] [52] . In the present approach it is assumed that the vibrational Hamiltonian is the sum of kinetic and potential energies H = T n + Φ, where
and the potential energy is expressed as a Taylor series
where the interatomic force constants (IFC) are defined as
In Eqs. 1-3, u αi (l i κ i ) is the displacement of the atom κ i in the unit cell labeled by l i from the equilibrium position x (l i κ i ) in the direction α i , p αi (l i κ i ) the corresponding momentum and M κi is the atomic mass of atom κ i . The equilibrium positions can be written as x (lκ) = x (l) + x (κ), where x (κ) is the equilibrium position vector of atom κ within each unit cell and the lattice translational vector can be written as
Here, l i are integers and the vectors a i are the so-called primitive translational vectors of the lattice. One may use the normal coordinate transformation to diagonalize the harmonic Hamiltonian, this can be done by using the following expansions (quantization is made by introducing the canonical commutation relations)
where N is the number of permitted q values, {ω j (q)} is the set of eigenvalues of the dynamical matrix and a † qj andâ qj are the creation and annihilation operators, resprectively. The components of the eigenvector e (κ|qj) can be chosen to satisfy the orthonormality and closure conditions
where δ αβ is the Kronecker delta. From now on, the following notation is used interchangeably
After the substitution of Eqs. 4 and 5 to Eqs. 1 and 2, one may writeĤ
Furthermore, it can be shown that
where
The commutation rules for the operatorsâ λ ,Â λ ,B λ et cetera follow from the commutation relations of displacement and momenta. The eigenkets of the harmonic HamiltonianĤ 0 can be written as
As already mentioned in Sec. I, at the present, the second-order IFCs {Φ αβ (lκ; l ′ κ ′ )}, the eigenvalues {ω j (q)} and eigenvectors {e (κ|qj)} can be calculated by using the DFPT 2,3 . For a physical interpretation of the harmonic phonon eigenvectors {e (κ|qj)}, consider the harmonic potential energy written aŝ
In obtaining the diagonal form for the potential energy with the expansion for the displacement given by Eq. 4, one can divide the steps need to be made as follows
and thusŵ
After using Eq. 18 in Eq. 16
Now, by using the bra-ket notation
and it is assumed that {|l, κ, α } form a complete set (basis). A comparison of Eqs. 20, 21 and 16 indicates that one may identify Φ αβ,2 (lκ;
. Furthermore, one may write Eq. 20 aŝ
A comparison of Eqs. 19 and 22 indicates that one may identify
From the interpretation of quantum mechanics 53 , the quantities in Eq. 23 can be considered to be the probability amplitudes and
as the probability of {j ′ } having the value j (for each q) when {κ ′ , α ′ } certainly have the values κ, α or the probability of {κ ′ , α ′ } having the values κ, α when {j ′ } certainly have the value j (for each q). The probability is not affected by the phase factor e iq·x(l) and thus, it is not affected by the cell index l (only phase difference matters). By using the present notation, the conditions for eigenvectors given by Eqs. 6 and 7 show that these probabilities are normalized (cell index l neglected)
With the preceding discussion in mind, one may interpret |e (κ|qj)| 2 as the probability that the atom κ vibrates in the phonon mode qj. An extreme example is such that |e (κ|qj)| 2 = 1 for some κ and thus by Eq. 25 it is the only atom within a particular unit cell which vibrates in the phonon mode qj.
B. Hamiltonian for deformed lattice
In order to calculate the elastic properties of crystal, for example, it can be convenient to expand the IFCs to a Taylor series in homogenous infinitesimal strain parameters {u µν } (Ref.
1 , p. 306 or Ref. 39 ). After the expansion, one may write the Hamiltonian for the deformed lattice asĤ
whereĤ 0 andĤ a are given by Eqs. 10 and 11 and (see Appendix A for the notation)
In Eq. 27
and
Eventually, the Hamiltonian given by Eq. 26 is normalized to the unit cell volume. For the sake of convenience, the factors 1/N are not explicitly shown in Eq. 28. In all results of this work, one must add the factor 1/N n when there is n different sums over the quantities {λ i }.
In the present work, the HamiltonianĤ d is used to derive the thermal and elastic properties of crystals (Sec. IV). In order to obtain the coefficients V λ n (Eq. 13), one have to obtain the quantities within harmonic approximation and nth-order IFCs. Also, in order to obtain the coefficients Vμ mνm λ n (Eq. 28), one have to obtain the quantities within harmonic approximation and (n + m)th-order IFCs.
The expansion of the Hamiltonian can be made in more general manner to include a wider class of parameters as in Ref.
1 , that is, one may writê
where f α
is the set of mth macroscopic parameters with h m indices. For example, let the macroscopic parameters be the electric field components f α1 = E α1 et cetera (m = h 1 = 1), for this case Eq. 30 can be written asĤ
Now, let the macroscopic parameters be the strain parameters f α
, for this case Eq. 30 can be written aŝ
A comparison of Eq. 32 to Eqs. 29 and 30 shows that H p =Ĥ s and one may identify the coefficients
One may write in a similar way for the mixed coefficient (m > 1) as it has been done in Ref. 1 . The reason why Eq. 32 is introduced is that the same form of perturbation theory (Sec. IV) applies for any set of parameters when m is the same for different cases, the difference is in the coefficients g (indices neglected). The matter is how many and how many different operators Â λ k belonging to different parameters there is in the expression of a particular order provided the coefficients g have the same symmetry properties with respect to the phonon labels.
III. THERMODYNAMICAL RELATIONS
The thermodynamics and statistical mechanics of crystals is described, for example, in Refs. 1, 30, 54, 55 . In this section, the results used to describe the thermal and elastic properties of crystals are only listed.
A. Expansion of free energy and internal energy
The definition of isothermal elastic constants can be made by expanding the Helmholtz free energy to Taylor series in strains η ij and temperature, namely 30, 54, 56 
where the finite strain parameters can be written as
The coefficients of the expansion in Eq. 34 are entropy and isothermal stress
second-order isothermal elastic constants
kth-order isothermal elastic constants
and so forth. The adiabatic elastic constants can be defined in a similar way in terms of the coefficients which appear in the expansion of internal energy
and one may identify the heat capacity at constant strain, adiabatic stress and kth-order adiabatic elastic constants by writing
As in Ref.
1 , the perturbation expansion is made for the HamiltonianĤ int , which includes the expansion in terms of the infinitesimal strain parameters {u µν } instead of the parameters {η µν }. One may write the expansion of free and internal energies as in Eqs. 34 and 39 in terms of the infinitesimal strain parameters and define the elastic constants (and stress) as the derivatives with respect to infinitesimal strain parameters. In both cases, the stress is the same, but the elastic constants have different form. The elastic constant defined in terms of the finite strain parameters can be expressed in terms of the elastic constants and stress which in turn are defined in terms of the infinitesimal strain parameters. In addition to the preceding, further transformations are needed to write the elastic constants defined by Eqs. 37 and 41 in terms of the elastic constants calculated from the Hamiltonian H s (Eq. 27). If one considers the stressed and unstressed crystal lattice, different relations are obtained. These relations are considered, for example, in Refs. 1, 30, 54 . For instance, if the crystal lattice is unstressed, one may write for the second-order elastic constants 1,57
and terms {c µ1ν2µ2ν1 } are given by the relations with the coefficients V µ1ν2µ2ν1 λ n , n = 0, 1, 2, . . . (Eq. 28). These relations are given in Secs. V-VII. Furthermore, in Eq. 42, the brackets (µ 1 ν 1 , µ 2 ν 2 ) are given by the relations with terms {c µ1ν2µ2ν1 } of the form V µ1ν1 λ n V µ2ν2 λ′ n ′ , for example, relations as given by Eq. C1. It has been shown 30 that the square brackets given in Ref.
1 (p. 235) can be written as (see Eq. 28)
Similar transformation equations for the third-order elastic constants have been considered, for example, in Ref.
54
(p. 89).
IV. PERTURBATION EXPANSION FOR THERMODYNAMICAL QUANTITIES
The technique used here is the same as in Refs. 34, 39, 58 . One may write the partition function as in Eq. B2, but this time for the HamiltonianĤ d which is given by Eq. 26. Thus
sinceĤ 0 andĤ int commute. With this notation
One may differentiate Eq. 45 with respect to β and write
From Eq. 45 it follows thatŜ (0) = 1, then by integration and iteration of Eq. 49 and by writing the result as a time-ordered product
where the Hamiltonianŝ
are operators in the interaction picture. From Eqs. 46 and 50
and thus
where F 0 is given by Eq. B4 andF A is the last term after the first equality in Eq. 53. It can be shown by using combinatorial arguments thatF A can be written as 34,39
where the subscript c indicates that only terms corresponding to the connected diagrams are considered. By using the result given by Eq. 54, one may write all the quantities considered in Sec. B in terms of the ensemble average on the right hand side of Eq. 54, that is, the anharmonic part of internal energỹ
heat capacity at constant straiñ
isothermal kth-order elastic constants
and adiabatic kth-order elastic constants
The isothermal and adiabatic stress can be obtained from Eqs. 58 and 59 with j = 1. It should be noticed that the elastic constants given by Eqs. 58 and 59 are defined in terms of infinitesimal strain parameters {u µiνi }. The transformation to elastic constants defined in terms of finite strain parameters {η µiνi } is considered, for example in Refs. 1,54 and the lowest-order transformation for the second-order elastic constants is given in Sec. III A (Eqs. [42] [43] [44] .
In Secs. V-VII, the ensemble average on the right hand side of Eq. 54 is written up to third-order. In the actual calculations, the quantitiesF A ,Ũ A ,S A andC A,η given in Secs. V-VII, are to be normalized, for instance, to a unit volume.
A. Evaluation of perturbation expansion
In the evaluation of the perturbation expansion, the following quantities, for example, appear (Eq. 11, see also Appendix A for the notation)
The ensemble averages as in Eq. 60 can be simplified by using the Wick's theorem of the form 39,59,60
, (61) which is valid for all time arguments (real or imaginary times). Furthermore, one may use the following symmetry properties of the coefficients
to simplify the expressions.
The following results from the theory of the manybody Green's functions 32, 33, 39, [60] [61] [62] [63] [64] [65] [66] are used to evaluate the ensemble averages which result from Eq. 61
The integrals over the ensemble averages as in Eq. 52 are evaluated by using the Wick's theorem given by Eq. 61, by writing the resulting Green's functions in terms of their Fourier series given in Eq. 65, by using the result
and then, the resulting summations are simplified by applying the residue theorem.
All the results of this work are written in terms of the coefficients V λ n (Eq. 13, quantities within harmonic approximation and nth-order IFCs are needed), Vμ mνm λ n (Eq. 28, quantities within harmonic approximation and (n + m)th-order IFCs are needed) and BoseEinstein distribution functionsn λ (Eq. B5). Some terms to be represented may vanish for crystals of some particular kind, for example, due to the absence of an internal strain. However, in the present work all terms are just listed and symmetry considerations are neglected. In the actual calculations, these terms should vanish for some crystal structures if the calculations are based on IFCs with correct symmetry imposed on them.
V. FIRST-ORDER RESULTS
To first-order (h = 1), one may write by using Eq. 52 By using the procedure described in Sec. IV A, one may write (see Appendix A for the notation)
where the notation for ξ
n/2 is given by Eq. A10 and the short hand notation for the summation is shown in Eq. A1.
Diagrams corresponding to Eq. 69 are shown in Fig. 1 . In these diagrams, a dot encountered with n lines refers to the interaction coefficient V λ n (Eq. 13). Also, a dot encountered with n lines and a fan of dashed lines in conjunction with the symbol {µ m , ν m } (for instance, second diagram in Fig. 1 ), refers to the strained interaction coefficient Vμ mνm λ n (Eq. 28). As discussed in Sec. II B, the perturbation expansion for a wider class of macroscopical parameters has the same form. The second diagram from the left in Fig. 1 could be written for any set of parameters given in Eq. 30, by just using a different notation for the vertex (some other symbol than a fan of dashed lines). Similar argument can be used for the second and third-order terms discussed in Secs. VI and VII. Such an expansion in the electric field components have been considered in Ref. 34 , where some of the lowest-order terms were taken into account. For instance, consider the HamiltonianĤ E p given by Eq. 31. In this case (Ĥ s →Ĥ E p ), the first term on the right hand side of Eq. 69 is the same in both cases and the remaining terms can be written as ≡ gμ m . The diagram for Eq. 70 is the same than depicted in Fig. 1 , except that one should use a different symbol for the coefficients gμ m λ n/2 ;−λ n/2 . The first term on the right hand side of Eq. 69 for n = 4 is the same than have been obtained earlier, for example, in Refs. 34, 37, 39 (in Ref. 37 , also the case n = 6 is obtained). The general diagrammatic (but not algebraic) form of this term (for any n) have been obtained in Ref. 67 . Terms of Eq. 69 with the strained coefficients are considered in Ref.
39 up to n = 6 with m = 1 (stress) and up to n = 4 with m = 2 (second-order elastic constants). The algebraic expressions for the lowest-order case (n = 2) with m = 1, 2 were shown. The present result provides the diagram and corresponding algebraic expression for arbitrary n and m. By using Eqs. 59 and 69, an explicit algebraic expression is given for the adiabatic elastic constants (Sec. V C) such that the first-order contribution to the internal energy and entropy can be calculated for arbitrary n and m. Moreover, these results can be used to calculate the first-order contribution to the CTE for arbitrary n (Sec. V D).
A. First-order results: free energy, internal energy, heat capacity and entropy By using Eqs. 54 and 69 and the elastic constants given in Sec. V B, one may write for the free energy (Eq. 75)F
One may transformF
A in Eq. 71 for terms with m = 2, by using Eqs. 42-44. The same procedure can be made for the other quantities considered below.
By using Eqs. 55 and 69 and the adiabatic elastic constants given in Sec. V C, the first-order contribution to the internal energy can be written as (Eq. 87)
where ξ
n/2 is given by Eq. A10. From Eqs. 57 and 69, it follows that the first-order heat capacity at constant strain may be written as
n/2 is given by Eq. A11.
By using
The strain derivative of the second term on the right hand side of Eq. 74 can be used to calculate the firstorder contribution to the CTE (see Sec. V D).
B. First-order results: isothermal elastic constants and stress
By using Eqs. 58 and 69
The isothermal stress can be obtained from Eq. 75, that isσ
and for m ′′ = 1 (Eq. A10)
A comparison of Eqs. B10 and 77 shows that
Further corrections to γ µν (λ) can be obtained from higher-order perturbation terms as in Ref. 39 , in which Eq. 78 is obtained as well. In a similar way for the elastic constants, for examplẽ
andc
The static term contributions to elastic constants like V µ1µ2ν1ν2 and Vμ 3ν3 can also be obtained, for instance, by establishing ab initio single point total energy calculations for crystals with different strains imposed and then by calculating the elastic constants from the derivatives of the energy (or stress) 44, 68 . A comparison of Eqs. B13 and 79 to Eqs. B15 and 81 indicates that
Differentiation of Eq. B15 with respect to strains furthermore shows that there exists terms of the form
which shows that kth-order Grüneisen parameters γμ kνk (λ) are proportional to
where the coefficients Vμ kνk (λ; −λ) can be calculated from IFCs of order k + 2 (Eq. 28). The Grüneisen parameters are defined in terms of finite strain parameters {η µmνm }, while the coefficients Vμ kνk (λ; −λ) are defined in terms of the infinitesimal parameters {u µmνm }, thus, one must use the transformation equations to obtain equality in Eqs. 82, 83 and 85. For instance
(86) In order to calculate γ µ1ν1µ2ν2 (λ) by using Eq. 86, one needs the third and fourth-order IFCs. 
The adiabatic stress is the special case of Eq. 87 with
By using Eq. 78 and the results of Sec. B, Eqs. B11 and 89 become equivalent (in Eq. B11, the static term V µν is neglected). These results show that the QHA includes the first-order perturbation in the calculation of stress (Eqs. 77 and 89) and the lowest-order processes in {λ i }.
D. First-order results, thermal expansion
One may write the CTE as in Eq. B18 and in the present case
As an example, in the case of cubic crystals, Eq. 90 can be written as
1111 + 2c
The inversion of the second-order compliance tensor s µ1ν1µ2ν2 , established here, is considered in Ref. 69 . Since it can be shown that in the case of cubic crystals 
and the transformationc
µ1ν1µ2ν2 is given by Eqs. 42-44. A comparison of Eqs. B12 and B13 to Eqs. 92 and 93 shows that in calculating the CTE, QHA takes into account the stress contributions up to first-order, elastic constants up to first-order (both with n = 2) and one second-order term, which is also included in the present approach when some of the second-order terms c T (2) µ1ν1µ2ν2 are taken into account. In Eq. 93 there is no static term, which indicates that the NTE occurs due to vibrational contribution.
VI. SECOND-ORDER RESULTS
To second-order (h = 2), one may write by using Eq. 
where Ŝ (β) 0,c,aa
0,c,ss
0,c,sa
Diagrams corresponding to the equations of this section are shown in Fig. 2 . Several authors have considered, for example, the diagrams a)-d) of Fig. 2 (see for instance Ref. 37 ). Some of the strained diagrams in Fig.  2 have been considered in Refs. 34 and 39 . In the case of stress, special cases (m = 1) of the diagrams h), k) (n = 1, n ′ = 3) and m) (n = 1, n ′ = 4) of Fig. 2 were considered in Ref. 39 , while the algebraic expression was given for the diagram k) with n = 1, n ′ = 3. For the second-order isothermal elastic constants (m + m ′ = 2), the lowest-order special cases of the diagrams e), f), h), i), j), l), m) and n) of Fig. 2 were shown in Ref. 39 , while the algebraic expressions were given for diagrams e) and f) with n = n ′ = 1 and n = n ′ = 2, respectively. To the author's knowledge, the diagrams and corresponding algebraic expressions for the higher-order elastic constants (m + m ′ ≥ 3) have not been given before. The present second-order results are valid for arbitrary m and for various n and n ′ extending the previous results. The corresponding expressions for the adiabatic quantities are also represented.
By using Eq. 58 and the result for Eq. 95, one may approximatẽ c T (2)
The different contributions to the isothermal elastic constants subsumed into Eq. 96 are given in Appendix C by Eqs. C1-C9 and these terms represented in diagrammatic form are depicted in Fig. 2 . The adiabatic elastic constants in Eq. 96, are given by Eqs. C10-C16. Further, the second-order contribution to the adiabatic stress σ
A (2) µ1ν1 can be obtained from Eqs. C14-C16. After the calculation, the second-order contribution to the Helmholtz free energy can be approximated as
The isothermal elastic constants in Eq. 97 are given by Eqs. C1-C9 and G (3) (λ; λ ′ ; λ ′′ ) in Eq. 98 is given by Eq. A12. The result given by Eq. 98 is the same than have been obtained earlier, for example, in Refs. 34, 35, 37, 39, 54 . The second-order contribution to the internal energy can be approximated asŨ
s , where the strained contribution U (2) s is the same than in Eq. 98, but the isothermal elastic constants are replaced by the adiabatic ones and the static contribution is given by Eq. E1. The adiabatic elastic constants, included in the expression of U (2) s , are given by Eqs. C10-C16. The second-order results for heat capacity are not explicitly shown, but can be obtained from the results of internal energy by differentiating with respect to T . By using Eqs. 56, 95 and Eq. 96, the second-order contribution to the entropy can be written as
... 37 , e) Eq. C1, f) Eq. C2, g), h) Eq. C8, i), j) Eq. C3, k) Eq. C7 is a special case of this diagram, l) Eqs. C4 and C6, m) Eq. C9 is a special case of this diagram and n) Eq. C5.
where the static contribution is given by Eq. E2
The second-order contribution to the CTE can be obtained by using Eq. 90. The results for σ µνγδ ) are given by Eq. 96 and the contributions are listed in Appendix C. The contribution to the second-order isothermal elastic constants can be obtained from Eqs. C1-C9, while the contribution to the isothermal and adiabatic stress can be obtained from Eqs. C7-C9 and C14-C16, respectively.
VII. THIRD-ORDER RESULTS
By using Eq. 52, the third-order terms (h = 3) can be written as Ŝ (β) 0,c,h=3
Diagrams corresponding to the equations of this section are shown in Fig. 3 . Some special cases of the third-order diagrams shown in Fig. 3 (to lowest-order in n, n ′ , n ′′ ) for the stress (m = 1) and second-order elastic constants (m = 2) were considered in Ref. 39 , but no algebraic expressions were given. In particular, the highest-order in IFCs considered by Barron and Klein 39 is n = 4. Also, one third-order diagram contributing to the third-order elastic constants was shown, namely, the diagram k) of Fig. 3 with n = n ′ = n ′′ = 2. In Ref. 34 , the special case m = m ′ = 1, n = n ′ = 1, n ′′ = 3, of the diagram e) of Fig. 3 and the corresponding algebraic expression was considered. These previous results are extended in the present work by providing diagrams and expressions for arbitrary m, m ′ , m ′′ and to various orders in n, n ′ , n ′′ . By using Eqs. 58 and 100, one may approximatẽ
The different terms of Eq. 101 are given in Appendix D by Eqs. D1-D14 and these terms represented in diagrammatic form are shown in Fig. 3 . The third-order approximation of the free energy can be written as
The isothermal elastic constantsc
µ1ν1µ2ν2···µj νj in Eq. 102 are given by Eqs. D1-D14.
The third-order contribution to the internal energy can be approximated by using the same expression as given by Eq. 102, except by replacing the isothermal elastic constants with the corresponding adiabatic ones. The adiabatic elastic constants can be obtained by using Eqs. D1-D14 with Eq. 101. The third-order contribution to heat capacity is not explicitly shown but can be obtained by the differentiation of internal energy contribution with respect to T . The third-order contribution to the entropy can be written in a similar way than in the second-order case (Eq. 99), but in addition the third-order term in strains, as in Eq. 102, must be included. Lastly, the contribution α (3) µ1ν1 to the CTE can be obtained by using Eq. 90. The results for σ
µνγδ are given by Eq. 101 and the expressions are listed in Appendix D. The contribution to the second-order isothermal elastic constants can be obtained from Eqs. D1-D7, while the contribution to isothermal stress can be obtained from Eq. D1 and the adiabatic stress by using Eq. D1 with Eq. 101.
VIII. CONCLUSIONS
Expressions for different thermodynamical quantities were derived up to third-order in perturbation and in some cases, up to nth-order in IFCs. The results allow, for instance, the perturbative calculation of the following quantities for a crystal lattice: Helmholtz free energy, internal energy, entropy, heat capacity, isothermal and adiabatic elastic constants and CTE. The present method can be used to study, for example, the NTE beyond the QHA whenever the IFCs needed are available for the system under consideration. In each order of perturbation, the results of the present work were compared with those obtained earlier by other authors and the original contribution of the present work was emphasized. In particular, expressions for the elastic constants of arbitrary order were considered and in the case of the lowest-order elastic constants, relations which are higherorder in the IFCs than have been obtained earlier were given. Similarity of the perturbation theory for the different macroscopic parameters was emphasized. A quantum mechanical physical interpretation for the harmonic phonon eigenvectors and phase factors was given.
Appendix A: Condensed notation
In this section, condensed notations for different quantities are given. The following notations are used
... ...
Some diagrams corresponding to equations of this section: a), b), c) Eq. D1, d), e) Eqs. D4 and D7, f) Eqs. D2 and D5, g) Eqs. D3 and D6 , h), i) Eq. D1 by replacing one or two of the coefficients V (λ; λ ′ ; λ ′′ ) with the corresponding strained coefficients, j) Eqs. D8 and D11, k) Eqs. D9 and D10, l) Eq. D14 and m) Eq. D14 by replacing one of the coefficients with an unstrained one.
Vμ mνm λ n ; −λ n ≡ Vμ mνm (λ 1 ; −λ 1 ; · · · ; λ n ; −λ n ) .
(A9) The following notations are sometimes used
Appendix B: Thermodynamical relations for harmonic and quasi-harmonic phonons
In this section, some thermodynamical relations within the QHA are listed so that these results can be compared with those obtained by using the perturbation theory. The results listed in this section have been obtained, for example, in Refs. 30, 54 . The Helmholtz free energy for a crystal lattice can be written as
where Φ 0 is the part arising from the electronic state of the crystal and Z is the canonical partition function
Within the harmonic approximationĤ →Ĥ 0 and
withn λ being the Bose-Einstein distribution function
Furthermore, the entropy, internal energy and heat capacity at constant strain can be written as
(B8) The elastic constants within the QHA can be obtained from Eqs. B4 and B7 by differentiation with respect to strains as in Sec. III A [it is thus assumed that ω λ = ω λ (η αβ )]. After the differentiation and by using the definition of the generalized Grüneisen parameters
one may write (derivatives of Φ 0 are neglected)
The CTE within the QHA can be written as
or
where s T µ1ν1µ2ν2,0 is the second-order elastic compliance tensor defined through
In the case of cubic crystals, the volumetric and generalized Grüneisen parameters are related as
In Sec. IV, more general approach to calculate the quantities given in this section is considered and it turns out that some results have a similar form in both approaches (Secs. V B, V C and V D).
Appendix C: Expressions for second-order elastic constants
The list of second-order contributions to isothermal elastic constants is given below (in Eqs. C1-C6,
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In Eqs. C1-C7, ξ
n ′ /2 is given by Eq. A10,
by Eq. A12 and ξ 
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In Eqs. C10-C16, ξ
n and G (3,β) (λ; λ ′ ; λ ′′ ) are given by Eqs. A14 and A15, respectively.
Appendix D: Expressions for third-order elastic constants
The list of third-order contributions to isothermal elastic constants is given below 
